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SECONDARY FANS AND TROPICAL SEVERI VARIETIES
JIHYEON JESSIE YANG
Abstract. This article studies the relationship between tropical Severi vari-
eties and secondary fans. In the case when tropical Severi varieties are hy-
persurfaces this relationship is very well known; specifically, in this case, a
tropical Severi variety of codimension 1 is a subfan of the corresponding sec-
ondary fan. It was expected for some time that this continues to hold more
generally, but Katz found a counterexample in codimension 2, showing that
this relationship is more subtle. The two main results in this paper are as fol-
lows. The first theorem finds a simple condition under which a tropical Severi
variety cannot be a subfan of the corresponding secondary fan. The second
theorem provides a partial converse, namely, we find conditions under which a
cone of the secondary fan is fully contained in the tropical Severi variety. As a
first application of these results, we also find a combinatorial formula for the
tropical intersection multiplicities for secondary fans.
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1. Introduction
Severi varieties are classical objects in algebraic geometry which go back to F.
Enriques [6] and F. Severi [15]. They are projective varieties which parameterize
nodal curves on toric surfaces. Recent developments of tropical geometry suggest
that these classical algebro-geometric objects can be viewed with a different per-
spective, namely the tropicalizations of Severi varieties (tropical Severi varieties).
These are polyhedral objects on which combinatorial tools can be used. In [17] the
author found certain descriptions of tropical Severi varieties and used them to pro-
vide a tropical intersection theoretic-computation of the degrees of Severi varieties.
In particular, to each point on tropical Severi varieties some subdivisions of poly-
gons can be assigned and the tropical intersection multiplicities appearing in the
computation are all described in terms of these simple objects, namely, subdivisions
of polygons (in fact, only triangles and parallelograms are involved.)
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2 JIHYEON JESSIE YANG
On the other hand, there are very well-known polyhedral fans which parametrize
subdivisions of polygons, called secondary fans. While the constructions of tropical
Severi varieties are algebro-geometric, the constructions of secondary fans are purely
combinatorial, although secondary fans were introduced to study the discriminantal
varieties in [8] and also have rich connections to algebraic geometry [4, 8].
So there is a very natural question: how are secondary fans and tropical
Severi varieties related? Initially it had been expected for a while that a tropical
Severi variety for a toric surface X∆ from a nondegenerate lattice polygon ∆ is a
subfan of the secondary fan of A = ∆ ∩ Z2, the set of all lattice points on ∆. In
fact, it is straightforward to show that this statement holds true when the tropical
Severi variety is a hypersurface (that is, of codimension 1) (Remark 3.2). Also more
explicit descriptions of tropical Severi varieties of codimension 1 were studied in
[5, 14]. However, Katz[10] found a counterexample showing that there is a tropical
Severi variety of codimension 2 on which there does not exist any subfan structure
of the corresponding secondary fan.
This paper provides some answers to the question above for general tropical
Severi varieties. In Theorem 3.1, we find a simple sufficient condition under which
tropical Severi variety cannot be a subfan of the corresponding secondary fan. This
implies that the combinatorial object, tropical Severi variety, contains a certain
data which comes from algebro-geometric properties of Severi variety. Theorem 3.3
addresses the opposite direction. Namely, it describes when a cone in the secondary
fan is fully contained in the tropical Severi variety.
As a first application of this understanding of the relationship between tropical
Severi varieties and secondary fans, in Theorem 3.5 we obtain a combinatorial
formula for the tropical intersections of secondary fans with tropical linear spaces.
The proof uses a result on tropical intersections obtained in the author’s previous
paper [17]
2. Secondary fans and tropical Severi varieties
2.1. Secondary Fan. We review on the study of secondary fans. The main ref-
erencs for this subsection is [8, §7]. Simply speaking, the secondary fan of a finite
subset A of the lattice Zk is a fan in R|A| whose cones parameterize the coherent
marked subdivisions of (∆,A), where ∆ is the convex hull of A. In this paper,
we only consider the case of k = 2 and A is the set of all lattice points on a non-
degenerate convex lattice polygon ∆. (that is, the dimension of ∆ is 2.) Let us fix
the precise definitions for the notions which we will use in this paper.
A marked polygon is a pair (∆,A) where ∆ ⊂ R2 is a convex lattice polygon and
A ⊂ Z2 is a finite subset of ∆ containing all the vertices of ∆ so that the convex
hull of A coincides with ∆. We always assume that ∆ is non-degenerate, that is,
dim(∆) = 2.
Now letA = ∆∩Z2, the set of all lattice points in ∆. Then a (marked) subdivision
S of ∆ is a collection of marked polygons
{(∆i,Ai) : i = 1, . . . ,m}, m ∈ Z>0 (2.1)
such that
(1) each Ai is a subset of A and each ∆i is non-degenerate;
(2) any intersection ∆i ∩∆j is a face (possibly empty) of both ∆i and ∆j , and
Ai ∩ (∆i ∩∆j) = Aj ∩ (∆i ∩∆j); (2.2)
3(3) the union of all ∆i coincides with ∆.
A triangulation of ∆ is a subdivision of ∆ such that for all i, ∆i are triangles
and Ai = Vert(∆i), the set of vertices of ∆i. (That is, only vertices of the triangles
are marked.)
Let S and S′ be subdivisions of ∆. We say that S refines S′ if for each j the
collection of (∆i,Ai) such that ∆i ⊂ ∆′j forms a subdivision of (∆′j ,A′j), where
S = {(∆i,Ai) : i = 1, . . . ,m}, S′ = {(∆′j ,A′j) : j = 1, . . . ,m′},m,m′ ∈ Z>0. This
makes the set of all subdivisions of ∆ into a poset. Triangulations are precisely
minimal elements of this poset. Also the subdivision {(∆,A)} is the unique maximal
element.
A subdivision S of ∆ is called coherent if it can be constructed from a function
ψ ∈ RA as follows: Let Gψ ⊂ R3 be the convex hull of the set
{(a, y) : y ≤ ψ(a), a ∈ A, y ∈ R}. (2.3)
The upper boundary of Gψ is the graph of a concave piecewise-linear function which
we call the concave hull of ψ and denote by cc(ψ),
cc(ψ) : ∆ → R,
x 7→ max{y : (x, y) ∈ Gψ}. (2.4)
(The upper boundary of Gψ is by definition the union of faces of Gψ which do not
contain vertical half lines.) Then S coincides with
∆ψ := {(∆i,Ai) : i = 1, . . . ,m}, m ∈ Z>0, (2.5)
where ∆i ⊂ ∆ are the domains of linearity of cc(ψ) and Ai ⊂ ∆i consists of all
a ∈ A ∩ ∆i such that cc(ψ)(a) = ψ(a) (i.e., the point (a, ψ(a)) lies on the upper
boundary of Gψ and thus it is “visible” (or “marked”))
Given a coherent subdivision S of ∆, let C(S) ⊂ RA be the set of all functions
ψ such that S refines ∆ψ.
Proposition 2.1. [8, §7] For any coherent subdivision S of a non-degenerate convex
lattice polygon ∆, the set C(S) ⊂ RA is a closed convex polyhedral cone so that the
set of all such cones is a complete fan in RA. Furthermore, C(S) = C(S)◦, where
the relative interior C(S)◦ is the set of all ψ ∈ RA sucht that S coincides with ∆ψ.
Note that any cone C(S) in the Proposition above contains the line R·1 consisting
of the constant functions. The induced complete fan in the quotient space RA/R ·1
is called the secondary fan of ∆ (recall that A = ∆∩Z2) and denoted by Σ(∆). For
simplicity we will use the same notation C(S) for the induced cone in the quotient
space RA/R · 1.
Example 2.2. The figure on the right illustrates the
case when ∆ is the segment Conv{0, 1, 2, 3, 4}, the
convex hull of the points 0, 1, 2, 3, 4. The (marked
coherent) subdivision ∆ψ consists of (∆1, {0, 2})
and (∆2, {2, 3, 4}). Note that the point 1 is not
marked.
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2.2. Tropical plane curves and connection to secondary fan. In this sub-
section, we review the definition of a tropical plane curve and find an explicit
connection to a secondary fan.
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As before let ∆ be a non-degenerate convex lattice polygon in R2 and let A =
∆ ∩ Z2. Given a function ψ ∈ RA, the tropical plane curve τψ with degree ∆ is the
corner locus of the piecewise-linear function
R2 → R, α 7→ max
a∈A
{a · α+ ψ(a)}. (2.6)
Note that the map ψ 7→ τψ is not injective. In fact, the tropical plane curve τψ
is uniquely determined by cc(ψ)A, the concave hull of ψ (for definition see §2.1)
restricted on A. Also it is known that the tropical plane curve τψ = τcc(ψ)A is dual
to the subdivision ∆cc(ψ) of ∆, as stated in the following Proposition. Note that
the subdivion induced by a concave function, ∆cc(ψ), has the property that every
lattice point is marked (or visible), that is, Ai = ∆i ∩Z2 for every i. We introduce
several notions to discribe this type of subdivision in the Definition below.
Proposition 2.3. ([9, §2.5.1]) The coherent subdivision ∆cc(ψ) of ∆ is dual to the
tropical curve τψ in the following sense :
• the components of R2 \ τψ are in 1-to-1 correspondence with Vert(∆cc(ψ));
• the edges of τψ are in 1-to-1 correspondence with Edges(∆cc(ψ)) so that an
edge e of τψ is dual to an edge of ∆cc(ψ) which is orthogonal to e with the
lattice length equal to the weight of e. (For the definition of the weight of
an edge of a tropical curve, see [9, §2.5.1]);
• the vertices of τψ are in 1-to-1 correspondence with the 2-dimensional faces
of ∆cc(ψ) so that the valency of a vertex of τψ is equal to the number of
sides of the dual face.
Definitions 2.4. (1) We say ψ ∈ RA is effective if ψ = cc(ψ)A.
(2) A subdivision S of ∆ is called effective if it is the coherent subdivision ∆ψ
for some effective element ψ ∈ RA. Equivalently, an effective subdivision of
∆ is a coherent subdivision such that every lattice point is marked, that is,
for every i, Ai = ∆i ∩ Z2.
(3) For a ψ ∈ RA, define the rank of ψ to be the dimension of the cone C(∆cc(ψ))
in the secondary fan Σ(∆) of the effective division ∆cc(ψ).
Therefore, given an effective subdivision S of ∆ we can identify the cone C(S)◦
in the secondary fan Σ(∆) with the set of all tropical plane curves which are dual
to S. Thus the effective part of Σ(∆), the union of such cones for all effective
subdivisions, can be identified with the set of all tropical plane curves with degree
∆.
Remark 2.5. In [14] similar notions are introduced. The type of the subdivision
∆ψ (“forgetting all lattice points”) is essentially same as the effective subdivision
∆cc(ψ) (“marking all lattice points”). The rank of ψ is equal to the type dimension
of the type of ∆ψ. Also the subdivision ∆ψ is effective if and only if it is of maximal
dimensional type.
2.3. Tropical plane curves and tropical Severi varieties. In this subsection
we review and collect some known results on tropical Severi varieties, which are
needed to prove the main theorems in the next section. Also in this subsection we
show the connection between points in tropical Severi varieties and tropical plane
curves.
52.3.1. Severi variety. [3, 7] As before, let ∆ be a non-degenerate convex lattice
polygon in R2. Denote by X∆ the projective toric surface constructed from ∆,
P∆ the tautological linear system on X∆ and T∆ the big open torus of P∆. That
is, P∆ is the projective space parameterizing curves on the surface X∆ defined by
polynomials of the following form,
f =
∑
a∈A
cax
a, (2.7)
where A = ∆ ∩ Z2, xa is the term xa11 xa22 , and the coefficients ca are taken from
the base field. By ordering the elements of A we can identify P∆ with Pn−1, where
n = |A|.
By definition, the Severi variety Sev(∆, δ) is the (Zariski) closure of the subset
of P∆ = Pn−1 consisting of curves with exactly δ nodes (ordinary double points)
as their only singularities. It is known that the dimension of Sev(∆, δ) is equal to
n− 1− δ, when the nonnegative integer δ is at most the number of interior lattice
points of ∆. In particular, when δ = 1, Sev(∆, 1) is a hypersurface in P∆ which is
known as A-discriminantal variety, where A = ∆ ∩ Z2 ([8]).
2.3.2. Tropical Severi variety. Now we consider the tropicalization of X = Sev(∆, δ),
which we call the tropical Severi variety and denote by Trop(X ). First, we fix the
base field equipped with a non-Archimedean valuation. In this paper, we use K,
the field of locally convergent Puiseux series over C, that is, the element of K are
power series of the form
c(t) =
∑
τ∈R
tτ , (2.8)
where R ⊂ Q is contained in an arithmetic progression bounded from above, cτ ∈ C
and
∑
τ∈R |cτ |tτ <∞ for sufficiently large positive t. This is an algebraically closed
field of characteristic zero with a non-Archimedean valuation
Val(c(t)) := max{τ ∈ R : cτ 6= 0}. (2.9)
Remark 2.6. The definition of K given in this paper is different from the standard
one in literature, which can be obtained by the change of variable t 7→ t−1. We
choose this definition not to have the minus sign in the definition of Val(c(t)).
Now, by definition Trop(X ) is the closure of the image of the following map
(Refer to [2, 9, 12, 13] for more details about tropicalization):
X ∩ T∆ → RA/R · 1, [ca(t)]a∈A 7→ [a 7→ Val(ca(t))], (2.10)
where we identify a point in X ∩ T∆ with the curve defined by the polynomial
f =
∑
a∈A ca(t)x
a up to scalar multiplications and R · 1 is the subspace of RA
consisting of constant functions. For simplicity, denote the image of [ca(t)]a∈A
under this map by Val(f).
2.3.3. Tropical plane curves from tropical Severi variety. Now we can attach to
Val(f) a tropical plane curve and the corresponding effective subdivision of ∆,
τf := τVal(f), ∆f := ∆cc(Val(f)) (2.11)
(Note that any representative in RA of Val(f) gives rise to a unique tropical plane
curve.)
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Shustin found very nice combinatorial as well as geometric results in this pro-
cess of tropicalization. Also he found a result which describes the inverse process,
called the patchworking. To summarize his results we need one more data, namely
(tropical) degenerations of the curve defined by f , which we describe below: First,
we write each ca(t)(a ∈ A) as follows
ca(t) = c
◦
at
cc(Val(f))(a) + l.o.t., (2.12)
where c◦a is some complex number which is zero if cc(Val(f))(a) > Val(f)(a), and
l.o.t. stands for “lower order terms”. For the effective subdivision ∆f : ∆1∪· · ·∪∆m,
we have the following collection of complex polynomials (equations for the tropical
degenerations):
fi :=
∑
a∈∆i∩Z2
c◦ax
a, (i = 1, . . . ,m). (2.13)
Note that the Newton polygon for each fi (i.e., the convex hull of a such that
c◦a 6= 0 in fi) is equal to ∆i.
Proposition 2.7.
(1) [16, §3.3] (tropicalization) Suppose that rank(τf ) ≥ dim(X ) for f ∈ X =
Sev(∆, δ). Then the corresponding effective subdivision ∆f of ∆ has the
following properties:
(a) (simple) Every boundary lattice point of ∆ is a vertex of some subpoly-
gon ∆i, (i = 1, . . . ,m).
(b) (nodal) Every ∆i(i = 1, . . . ,m) is either a triangle or a parallelogram.
(In fact, it is known that the rank of any tropical plane curve τf from f ∈
X is at most dim(X ). Thus the hypothesis of this statement is equivalent
to saying that τf has the maximal rank.)
Also, the complex polynomials f1, . . . , fm have the following properties
(?):
(a) the Newton polygon of fi is equal to ∆i.
(b) (N) if ∆i is a triangle, the curve defined by fi is rational and meets
the union of toric divisors X∂∆i at exactly three points, where it is
unibranch.
(c) () if ∆i is a parallelogram, the polynomial fi has the form
xkyl(αxa + βyb)p(γxc + δyd)q (2.14)
with gcd(a, b) = gcd(c, d) = 1, (a : b) 6= (c : d), α, β, γ, δ ∈ C \ {0}. (gcd
stands for the greatest common divisor)
(d) for any common edge σ = ∆i∩∆j the truncations fσi and fσj coincide.
(2) [16, §5](patchworking) Let ∆ψ : ∆1∪· · ·∪∆m be an effective simple nodal
subdivision of ∆ with rank equal to dim(X ). Suppose we have a collection
of complex polynomials F = {f1, . . . , fm} which satisfies the conditions (?)
above. Then there exists f ∈ X with cc(Val(f)) = ψ
2.4. Tropical intersection and weighted counts of tropical plane curves.
As the last topic of this section, we summarize some results presented in [17] which
will be used for the last theorem in the next section. In the tropical intersection
theory [1, 11, 12, 17], there is an important intersection multiplicity (which was
called an extrinsic intersection multiplicity in [17]). Let us recall it. Suppose ψ
is a transversal intersection point of two tropical varieties T1, T2 of complementary
7dimension and so Ti is equal to Li locally near ψ, (i = 1, 2), where L1 and L2 are
affine spaces of complementary dimensions. The (extrinsic) intersection multiplic-
ity of T1 and T2 at ψ, denoted by ξ(ψ; T1, T2), is the volume of the parallelepiped
constructed by the fundamental cells of the lattices Li ∩ Zn, (i = 1, 2) (“principal
parallelepiped”). When T1, T2 are the tropicalizations of complementary dimen-
sional tori, then this multiplicity is in fact equal to the number of intersection
points of the tori.
In this section, we consider the intersection of the tropical Severi variety Trop(X ) =
Trop(Sev(∆, δ)) with a complementary dimensional tropical linear space Trop(L(p))
coming from point conditions. The intersection points of these two spaces corre-
spond to tropical plane curves passing through the given points counted with certain
multiplicities. (For details, see [17].)
Definition 2.8. [9, Definition 2.41]
(1) Let S be an effective subdivision of ∆. We say that the distinct points
x1, . . . , xζ ∈ Q2 are in S-general position, if the condition for tropical curves
with degree ∆ to pass through x1, . . . , xζ (“base-point-condition”) cuts out
the cone C(S) either the empty set, or a polyhedron of codimension ζ.
(2) We say that the distinct points x1, . . . , xζ are in ∆-general position (or
simply, generic points), if they are S-general for all effective subdivisions S
of ∆.
Lemma 2.9. [9, Lemma 2.42] For any given convex lattice polygon ∆, the set of
∆-general configurations x1, . . . , xζ is dense in (Q2)ζ .
Definition 2.10. Let p = {p1, . . . , pζ} ⊂ (K∗)2 be a finite set of points in (K∗)2.
Define L(p) ⊂ P∆ to be the parameter space of algebraic curves on the toric surface
X∆ passing through all the points in p. (Remember that the base field is K.) This
parameter space L(p) is the complete intersection of hyperplanes Hpj ⊂ P∆ defined
by the condition of passing through the point pj , (j = 1, . . . , ζ).
Now for r = dim(X ) let p = {p1, . . . , pr} ⊂ (K∗)2 be a configuration of r
generic points in (K∗)2 so that V al(p) := {V al(p1), . . . , V al(pr)} ⊂ Q2 is in
∆-general position and Trop(L(p)) ∩ Trop(X ) is a transversal intersection. (For
pi = (pi1, pi2), V al(pi) := (V al(pi1), V al(pi2)) Then for any intersection point
ψ ∈ Trop(L(p)) ∩ Trop(X ), the tropical plane curve τψ passes through all the
points in V al(p). Since rank(ψ) = r, these points lie on r distinct edges of τψ
which correspond to some r edges of the subdivision ∆ψ. If σi ∈ Edges(∆ψ) cor-
respond to a point V al(pi) and ai, a
′
i are the endpoints of σi, 1 ≤ i ≤ r, then we
have the following linear conditions on ψ(ai) and ψ(a
′
i):
ψ(ai)− ψ(a′i) = (a′i − ai) · V al(pi), (i = 1, . . . , r.) (2.15)
We also suppose that this linear system 2.15 is independent.
Proposition 2.11. [17, Theorem 4.14] With the assumptions as given above, we
can compute the multiplicity as follows:
ξ(ψ; Trop(L(p)),Trop(X )) =
∏
2area(Triangles)
l(VSψ ) ·
∏˜
length(Edges)
, (2.16)
where
(1)
∏
2area(Triangles) is the product of twice the (Euclidean) area of each tri-
angle in ∆ψ.
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(2)
∏˜
length(Edges) is the product of the lattice lengths of the edges which are
representatives of each equivalence class in Edges(∆ψ), where we define an
equivalence relation as follows: let e ∼ e′ if e and e′ are the parallel edges
of a parallelogram in ∆ψ and extend it by transitivity.
(3) l(V∆ψ ) is the number of components of the algebraic set V∆ψ defined below.
Definition 2.12. Suppose that S := ∆1 ∪ · · · ∪∆m is a nodal effective subdivision
of ∆ that is, every sub-polygon is either a triangle or a parallelogram. Define VS
to be the set of all f ∈ P∆ with the following properties,
• (N) For every triangle ∆i, the curve defined by f∆i (the truncation of f
along ∆i) is rational and meets the union of toric divisors X∂∆i at exactly
three points, where it is unibranch.;
• () For every parallelogram ∆j , the polynomial f∆j has the form
xkyl(αxa + βyb)p(γxc + δyd)q (2.17)
with gcd(a, b) = gcd(c, d) = 1, (a : b) 6= (c : d), α, β, γ, δ ∈ C \ {0}.
The set VS is an algebraic set in a certain torus and its number of components
can be computed easily using linear algebra. More details can be found in [17, §3].
3. Main results
In this last section, we state and prove the main results of this paper, that is,
answers to the question: how are secondary fans and tropical Severi varieties
related? We use the notations defined in the previous sections.
The first theorem provides a simple sufficient condition under which the tropical
Severi variety, Trop(X ), cannot be a subfan of the Secondary fan Σ(∆). That is,
we cannot find a fan structure on Trop(X ) such that each cone of Trop(X ) is the
union of some cones of Σ(∆).
Theorem 3.1. Suppose that there exists a non-effective ψ ∈ Trop(X ) with the
maximal rank, rank(ψ) = dim(X ). Then there is no fan structure on Trop(X )
which makes Trop(X ) to be a subfan of the secondary fan Σ(∆).
Proof. We consider the following two cones in the secondary fan Σ(∆):
• the cone of the subdivision induced by ψ, C(∆ψ);
• the effective cone of the subdivision induced by cc(ψ) (the concave hull of
ψ), C(∆cc(ψ)).
Since ψ is non-effective, ψ is contained in the relative interior of the cone C(∆ψ)
while the cone C(∆cc(ψ)) lies on the boundary of the cone C(∆ψ). By the definition
of rank, we know that the dimension of C(∆cc(ψ)) is equal to r = dim(X ). Thus
ψ lies in the relative interior of the cone C(∆ψ) whose dimension is strictly larger
than r. It is known that any fan structure on Trop(X ) is of dimension r. Thus no
fan structure on Trop(X ) can be a subfan of Σ(∆).

Remark 3.2. Let us consider the case of δ = 1 for X = Sev(∆, δ). As we mentioned
before, in this case X is the hypersurface of P∆ ∼= Pn−1 defined by a polynomial
called A-discriminant, where A = ∆ ∩ Z2. Thus, Trop(X ) is the codimension one
skeleton of the normal fan F of the Newton polytope of A-discriminant. In [8] it is
shown that A-discriminant is a divisor of another polynomial called the principal
9A-determinant and the normal fan of the Newton polytope of the principal A-
determinant is equal to the secondary fan Σ(∆). Therefore F is a subfan of the
secondary fan Σ(∆). As the codimension one skeleton of F , Trop(X ) is also a subfan
of the secondary fan Σ(∆). From the theorem above, we can induce that there is no
non-effective ψ in Trop(X ) with the maximal rank. Indeed, this fact is easily seen as
follows: Suppose ψ ∈ Trop(X ) has the maximal rank, rank(ψ) := dim(C(∆cc(ψ))) =
dim(X ) = n − 2. However dim(C(∆cc(ψ))) ≤ dim(C(∆ψ)) ≤ n − 2. Therefore
C(∆cc(ψ)) = C(∆ψ) and so ψ is effective.
The following theorem provides another relation between Trop(X ) and Σ(∆). It
is in an opposite direction of the previous theorem in a sense.
Theorem 3.3. Suppose that there exists an effective cone C in Σ(∆) such that
dim(C) = dim(X ) and its relative interior C◦ intersects with Trop(X ) at non-zero
vectors. Then C◦ is fully contained in Trop(X ).
Proof. Let η ∈ C◦ ∩ QA. It is enough to show that inηX (the initial scheme of X
with respect to η) is not empty, which is equivalent to η ∈ Trop(X ).
Now by the hypothesis given above, we can choose a non-zero rational vector ψ
contained in Trop(X ) ∩ C◦. Since ψ ∈ Trop(X ), we have a f ∈ X of the form
f(x) =
∑
a∈A
ca(t)x
a; ca(t) = c¯at
ψ(a) + l.o.t., c¯a ∈ C∗. (3.1)
Since ψ induces a concave function, the tropicalization of f records all c¯a for a ∈ A.
Now by Proposition 2.7 (2) (patchworking) we can obtain a g ∈ X of the form
g(x) =
∑
a∈A
c′a(t)x
a; c′a(t) = c¯at
η(a) + l.o.t. (3.2)
Thus (c¯a)a∈A ∈ inηX and so inηX is not empty. 
Furthermore, by Proposition 2.7, we can obtain the following corollary.
Corollary 3.4. The cone C(S)◦ of an effective subdivision S with dim(C(S)) =
dim(X ) is fully contained in Trop(X ) if and only if S satisfies the following condi-
tions (??) :
(1) it is simple;
(2) it is nodal;
(3) any parallelogram in S has no special points. (Special points in a parallelo-
gram  are lattice points in  which are not in the lattice generated by the
primitive vectors along the sides of .)
As an application of the results above and the result on the intersections of
tropical Severi varieties (2.4), we find a combinatorial formula in the following
for the intersections of secondary fans with tropical linear spaces. (Note that the
codimension one skeleton of the secondary fan of A is equal to the tropicalization
of the hypersurface defined by the principal A-determinant. (see remark 3.2.)
Theorem 3.5. Let S be an effective subdivision of ∆ with dimension m which
satisfies the three conditions (??) in Corollary 3.4. Let Hq1 , . . . ,Hqm be the point-
condition tropical hyperplanes for a generic configuration of points {q1, . . . , qm} ⊂
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Q2 (The condition of being generic is given in the proof). Then any point ψ ∈
C(S)◦ ∩Hq1 ∩ · · · ∩Hqm occurs with multiplicity equal to∏
2area(Triangles)
∏
area(Parallelograms)
l(VS) ·
∏
length(Edges)
(3.3)
Proof. Let δ = |A| − 1 − m ≥ 0 so that dim(X ) = m, where X = Sev(∆, δ).
Note that C(S)◦ ⊂ Trop(X ). Now we choose p = {p1, . . . , pm} ⊂ (K∗)2 with
Val(p) = {q1, . . . , qm}, which satisfies the hypothesis in Proposition 2.11. Then the
intersection multiplicity at ψ is equal to
ξ(ψ; Trop(L(p)),Trop(X )) =
∏
2area(Triangles)
l(VS) ·
∏˜
length(Edges)
. (3.4)
Since the subdivision S has no special points,∏
2area(Triangles)
l(VS) ·
∏˜
length(Edges)
=
∏
2area(Triangles)
∏
area(Parallelograms)
l(VS) ·
∏
length(Edges)
(3.5)
Thus we completed the proof. 
References
[1] L. Allermann, J. Rau, First steps in tropical intersection theory. Math. Z. 264 (2010), no. 3,
633-670.
[2] R. Bieri, J. Groves, The geometry of the set of characters induced by valuations. J.Reine
Angew. Math. 347 (1984), 168-195.
[3] L. Caporaso, J. Harris, Counting plane curves of any genus., Invent. Math. 131 (1998), no.
2, 345-392.
[4] D. Cox, J. Little, H. Schenck, Toric varieties, Graduate Studies in Mathematics, 124.
[5] A. Dickenstein, E.M. Feichtner, B. Sturmfels, Tropical discriminants. J. Am. Math. Soc., 20
(2007), 1111-1133.
[6] F. Enriques, Sui moduli d’una classe di superficie e sul teorema d’esistenza per funzioni
algebriche di due variabilis. Atti Accad. Sci. Torino, 47, (1912).
[7] W. Fulton, On nodal curves. Algebraic geometry-open problems (Ravello, 1982), 146-155,
Lecture Notes in Math., 997, Springer, Berlin, (1983).
[8] I. M. Gelfand, M. M. Kapranov, A. V. Zelevinsky, Discriminants, Resultants, and Multidi-
mensional Determinants. Birkhauser, Boston 1994.
[9] I. Itenberg, G. Mikhalkin, E. Shustin, Tropical algebraic geometry. Oberwolfach Seminars,
35 Birkhauser Verlag, Basel, 2007. viii+103 pp.
[10] E. Katz, Tropical Invariants from the Secondary fan. Adv.Geom, 9 (2009), no. 2, 153-180.
[11] E. Katz, A Tropical Toolkit. Expo. Math., 27 (2009), no. 1, 1-36
[12] B. Ya.Kazarnovskii, c-fans and Newton polyhedra of algebraic varieties. (Russian) Izv. Ross.
Akad. Nauk Ser. Mat. 67 (2003), no. 3, 23-44; translation in Izv. Math.67 (2003), no. 3,
439–460
[13] D. Maclagan, B. Sturmfels, Introduction to Tropical Geometry, Graduate Studies in Mathe-
matics, Vol 161, AMS, 2015 (textbook in progress), 2009
[14] H. Markwig, T. Markwig, E. Shustin, Tropical curves with a singularity in a fixed point.
Manuscripta math. 137 (2012), 383-418.
[15] F. Severi, Vorlesungen u¨ber Algebraische Geometrie. Teubner, Leipzig, 1921.
[16] E. Shustin, A tropical approach to enumerative geometry. Algebra i Analiz 17 (2005), no. 2,
170-214 (English translation: St. Petersburg Math. J. 17 (2006), 343-375
[17] J. Yang, Tropical Severi varieties. Port.Math. 70 (2013), no. 1, 59-91.
Department of Mathematics and Statistics, McMaster University, 1280 Main Street
West, Hamilton, Ontario L8S4K1, Canada
E-mail address: jyang@math.mcmaster.ca
URL: http://www.math.mcmaster.ca/~jyang/
